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ABSTRACT

The restraining e�ect of second-phase particles on an advancing crack front is analyzed.

The stress-crack opening displacement relationship relies upon the constant volume plas-

tic 
ow of the particles according to the model suggested recently by Rubinstein and

Wang [1]. This model incorporates in a certain way also the matrix/particle interface

properties. The particles are allowed to deform using several di�erent patterns which

correspond to the particular strength of the matrix/particle interface. Contrary to Ru-

binstein and Wang's work the triaxiality of the stress state within particles and strain

hardening e�ects are considered and their impacts on the critical crack opening displace-

ment are investigated. The toughness increase is predicted for several combinations of

micromechanical parameters of composite system and the strain hardening exponent of

second-phase particles.

KEYWORDS
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INTRODUTION

In certain materials, the opening of a crack may be opposed by physical bridges between

the crack faces. One example is ceramics containing ductile metal particles (particulate-

reinforced ceramics). The restraining e�ect of the second-phase particles on an advancing

crack front is the basic for a toughness increment. Phenomenologically, a toughening

mechanism is described as follows: an existing initial 
aw in a brittle matrix propagates

and, because of stress concentration around the particles, circumvents the ductile particles

which are thus left intact behind the crack tip and act as bridges between the opposing

faces of the crack. In the course of further crack opening they deform plastically and

�nally, after reaching a critical elongation, they fail by ductile rupture. These particles

also prevent excessive crack opening and thereby reduce the crack driving force at the

crack tip. Since the crack driving force must reach a critical value for further crack

extension, this requires a higher value of the applied stress for crack propagation than

would be necessary in the absence of particles. Stretched ductile particles (ligaments),

e.g. Al particles in Al2O3/Al systems or Co enclaves in WC/Co composites, are detected

at considerable distance lp behind the crack tip. It justi�es the application of the term

multiligament zone. The basics of the mechanism of fracture toughness enhancement in
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brittle matrix composites with distributed ductile particles were analyzed in the literature,

e.g. [2]-[6].

However, in order for the process described to take place, certain conditions need to be

satis�ed. First, the de
ection of the crack towards the adjacent particle and stress concen-

tration around the particle in the plane perpendicular to the applied load are possible only

if the sti�ness of the particles is less than that of the matrix. Otherwise, if the particles are

sti�er than the matrix, the crack would be repelled by the particle and, as a consequence,

the crack would remain entirely in the matrix and there would be no signi�cant in
uence

of the particles on the toughness of the material. The attraction mechanism of the crack

tip to the particles thus ensures that the crack path is formed through a number of duc-

tile particles. Secondly, the particles's ductility alone is not suÆcient for any signi�cant

improvement in toughness. It is observed that the quality of the matrix/particle interface

also becomes of great importance because it strongly in
uences the particle deformation

pattern. Speci�cally, some optimum interface debonding is needed to remove the geomet-

ric constraint and allow the particles to deform plastically in a signi�cant part of their

volume. For example, if the matrix/particle interface is very strong and the particles do

not debond, then the plastic 
ow within particles would remain localized in a thin layer

along the crack plane. The critical crack opening displacement �C corresponding to the

particle rupture would be relatively small and there would not be a signi�cant increase

in the composite toughness. On the other side, for very low matrix/particle interface

strength, the particle would readily debond and there would be no crack surface bridging

action and, again, no signi�cant improvement in toughness. The signi�cance of the e�ect

associated with the matrix/particle interface was emphasized by Tvergaard [7], [8] using

the �nite element analysis of the plastic 
ow within the particle, as well as Sigl et al. [9]

and Venkateswara Rao et al. [10] using experimental evidence and physical observations

of the process.

An analytical approach, allowing detailed calculation of the development of the fracture

toughness during loading, was presented by Rubinstein and Wang [1]. Their modelling

approach is based on a discrete particle distribution. Particles are assumed to be elastic-

ideally plastic and allowed to deform using several di�erent patterns which correspond

to the particular strength of the matrix/particle interface. The deformation patterns are

simpli�ed versions of those obtained by Tvergaard [7] using �nite element computations,

as illustrated in Fig. 1. Namely, they assume that initially spherical particles of the same

radius R simultaneously form during the plastic deformation a neck of a parabolic pro�le,

as illustrated in Fig. 2. The current radius of the bridging cross section of a particle

r, the vertical coordinate of the intersection of the parabolic neck with the undisturbed

spherical portion of a particle ypn and the half of the crack opening displacement at the

particle site �=2 within the bridging zone are then related by

r

R
=

vuut1�
 
ypn

R
�

�(�)

2R

!2
�

�

2

�
ypn

R

�2
; (1)

where � is the curvature of the chosen parabolic pro�le, x0=R = � (y=R)
2
=2 + r=R :

Rubinstein and Wang [1] suggest to associate this parameter with the strength of the

matrix/particle interface and to use it as a parameter of the composite. The requirement of

incompressibility of the particles provides then the additional condition for determination
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Fig. 1: Sketch of the deformed mesh pertaining to the FE simulation of constrained

particle according to Tvergaard [7].
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Fig. 2: Scheme of bridged crack and particle deformation shape for � = 2.
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A signi�cant simpli�cation was introduced by assuming a constant stress within the bridg-

ing section of each particle.

In this paper we will make use of Eqs. (1) and (2) for analytical modelling of debonding

of matrix/particle interface. The mean axial stress in the necked bridging section of

particles is, however, assumed not to be constant but given by Bridgman's solution. The

condition of a critical particle stretching � = �C , which controls the ligaments rupture,

is imposed. The action of the system of discretely distributed particles is replaced by the

action of smeared forces over the bridged zone length lp: Small scale bridging is assumed,

i.e. lp << a, where a is the crack length. Thus, a semi-in�nite crack, x < 0; y = 0, may

be considered. The remote load is given through the boundary layer approach, so that

the stress �yy = KN

I
=
p
2�x for x >> lp; y = 0, where KN

I
is the remote stress intensity

factor which can be found by solving an appropriate boundary value problem on the

macrolevel using e.g. FEM. Because the bridged zone is situated in an essentially elastic

environment, there is also an inner, or so called local stress intensity factor K loc

I
, pertinent

to the crack edge vicinity. Obviously, K loc

I
is smaller than KN

I
. The material behaviour
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outside the bridging zone is homogeneous, linear elastic and the elastic properties may

be determined on the basis of a mixture rule which may account for the presence of

lower sti�ness particles. The applied procedure allows one to obtain a nonlinear integral

equation which has to be solved numerically. Recently a powerful solution technique for

solving bridged crack problems has become widely used, see e.g. Ioakimidis [11], Kaya and

Erdogan [12] and Nemat-Nasser and Hori [13]. This technique is based on a mathematical

formalism which involves integral equations with a stronger singularity than the Cauchy

type. The improper strongly singular integrals are treated in the Hadamard sense [14] of

their "�nite part".

MATHEMATICAL MODELLING

The continuously distributed crack surface bridging load �0 can be determined as follows:

ifR is the average particle radius, l is the interparticle distance and f is the volume fraction

of particles, then the restraining stress �0 is found to be �0 = P=l2 = P=R2 (3f=4�)
2=3

,

where P is the bridging force of a single particle. The bridging force P relates to the

mean axial stress �1 in the necked region of a particle and to the current radius of the

bridging cross section of a particle r as P = �r2�1. The mean axial stress �1 is estimated

from Bridgman's solution, see also Bao [6]:

�1 = �f

�
1 +

2R

�r

�
ln

�
1 +

�r

2R

�
; (3)

where �f is the uniaxial 
ow stress of the ductile particle. It should be noted that the

Bridgman formulae somewhat underestimates the elevation of the mean and axial stresses

in the neck region. If a power law hardening material is assumed, then the �f is related

to the tensile strain e by �f=�y = (e=ey)
n
, where �y and ey are the initial yielding stress

and strain respectively and n is the hardening coeÆcient. The value of ey was considered

0.002 according to Tvergaard [8]. The tensile strain e relates to the initial particle radius

and to the current radius of bridging cross section by

e = 2 ln (R=r) : (4)

Finally, the restraining stress �0 can be estimated as

�0 = 2ne�n
y
�y
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�
1 +

�r
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�
: (5)

In order to obtain the restraining stress �0 as a function of the normalized crack opening

displacement �=R within the bridging zone for the speci�ed curvature of the chosen

parabolic pro�le of the particle's neck, the normalized vertical coordinate ypn=R of the

intersection of the parabolic neck with the undisturbed spherical portion of a particle is

�rst eliminated between Eqs. (1) and (2) and the normalized current radius of the bridging

cross section r=R is expressed as a function of �=R. Fig. 3 shows the plots of the bridging

cross section r=R against �=R for several values of the curvature � of the chosen parabolic

pro�le of the particle's neck. If the relation r=R��=R is substituted into (5) a desired

function �0 (�=R) is obtained. Fig. 3 shows the course of the normalized restraining stress

�0=[�y (3f
p
�=4)

2=3
] vs. the normalized crack opening displacement �=R for several values

of the curvature � for ideally plastic material. Plots in Fig. 4 indicate that the slope of

�0 (�=R) curve is negative in the stage of the plastic deformation of bridging particles and
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Fig. 3: Plots of the bridging cross section r=R against �=R for several values of �.

a) b)

Fig. 4: Plots of the normalized restraining stress vs. �=R; a) for several values of � and

n = 0, b) for � = 20 and several values of n :

the bridging zone here exhibits softening behaviour. For the purpose of further analysis

there is convenient to have a simple mathematical approximation of the curves in Fig.

4. Using the method of least squares these curves were �tted to the function linear inq
�=R; i.e.

�0=[2
ne�n

y
�y(3f

p
�=4)2=3]

:
= �c1

q
�=R + c2; (c1 > 0; c2 > 0): (6)

Individual �ts are not shown in Fig. 4 because they are barely distinguishable from

the exact numerical curves. The square root dependence of the normalized restraining

stress upon the crack opening displacement in Eq. (6) allows to use a simple perturbation

method to the solution of the resulting singular integral equation as it will be seen later on.

The analytical formulation is based on the distribution dislocation technique, see Hills et

al. [17], and the boundary layer approach through which the remote load is introduced.

The dislocation distribution is introduced only along the bridging zone, the traction-

free crack faces are modelled via mirror stresses. The equilibrium condition across the

bridging zone leads to the following singular integral equation for the unknown Burgers

vector density by(x)

KN

Ip
2�

+
E

8�(1� �2)

"Z
lp

0

�
by(x

0)
p
x�

p
x0

dx0 �
Z

lp

0

by(x
0)

p
x+

p
x0

dx0
#
= �0

p
x; (7)

398 Materials Structure & Micromechanics of Fracture



MSMF{3 Brno 2001

where E is the Young modulus and � Poisson's ratio of composite, the symbol
R
� represents

the Cauchy principal value. The Burgers vector density function by(x) is related to the

displacement-discontinuity across the bridging zone �(x0) by

by(x
0) = �d�(x0)=dx0: (8)

By setting

� = 2
q
x=lp � 1; �0 = 2

q
x0=lp � 1; (9)

the square roots in (7) can be removed and simultaneously the integration interval can

be normalized to <�1; 1> : Eq. (8) provides after the transformation (9):

by(x
0) = �

2

lp(�0 + 1)

d�[lp(�
0 + 1)2=4]

d�0
= �

2

lp(�0 + 1)

d��(�0)

d�0
: (10)

Substituting (10) into the transformed Eq. (7) we obtain a singular integral equation for

unknown derivative of the jump of displacement component as follows

Z
1

�1

�
1

(�� �0)

d��(�0)

d�0
d�0 �

Z
1

�1

1

(�0 + �+ 2)

d��(�0)

d�0
d�0 =

= �
2(1� �2)

E

hp
2�
q
lpK

N

I
� �(�+ 1) lp �0

i
: (11)

Integrating Eq. (11) by part and using an apparent condition at the crack tip ��(�0 =

1) � 0; we can reduce this equation to

Z
1

�1

=
��(�0)

(�0 � �)2
d�0 +

Z
1

�1

��(�0)

(�0 + �+ 2)2
d�0 = �

2(1� �2)

E

hp
2�
q
lpK

N

I
� �(�+ 1) lp �0

i
;

(12)

where the symbol
R
= denotes the �nite part of the improper (strongly singular) integral in

the sense of Hadamard [14]. If Eq. (12) is divided by the particle radius R and ��(�0) is

formally denoted again by �(�0), we obtain a strongly singular integral equation for the

normalized crack opening displacement �(�)=R ; � 2<�1; 1>

Z
1

�1

=
1

(�0 � �)2
�(�0)

R
d�0 +

Z
1

�1

1

(�0 + � + 2)2
�(�0)

R
d�0 =

= �
2(1� �2)

ER

hp
2�
q
lpK

N

I
� �(�+ 1) lp �0(�(�)=R)

i
: (13)

NUMERICAL SOLUTION

Substitute the �t of the restraining stress �0[�(�)=R] from Eq. (6) in Eq. (13) and rewrite

it formally in the following form

L1�1[�(�)=R ] + "�(�)
q
�(�)=R = �0(�); (14)

where L1�1 is the integral operator de�ned by

L1�1

"
�(�)

R

#
=

Z
1

�1

=
1

(�0 � �)2
�(�0)

R
d�0 +

Z
1

�1

1

(�0 + � + 2)2
�(�0)

R
d�0 ; (15)
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�(�) and �0(�) are linear functions

�(�) = c1(�+ 1); �0(�) = "c2(� + 1)� � ; (16)

where

" =
2�(1� �2)

E
2ne�n

y
�y(3f

p
�=4)2=3

lp

R
; � =

2(1� �2)

E

p
2�

q
lp

R
KN

I
(17)

which, in a wide range of typical values of materials properties, ful�lls the inequality

" < 1: The singular integral equation of the type of (14) was intensively investigated in

Nemat-Nasser and Hori [13] and Willis and Nemat-Nasser [16]. For " < 1 an asymptotic

expansion of �(�)=R in terms of " can be considered

�(�)=R �=
NX
p=0

"p�p(�)=R ; �p(�) = 0 for � = 1 ; (18)

where N is a suitable large positive integer. It is further convenient to rewrite Eq. (14) as

"2�2(�)�(�)=R = �0(�)� L1�1[�(�)=R ]
2
: (19)

Substituting Eq. (18) into Eq. (19) and rearranging terms, the following system of

recursive linear singular equations for the coeÆcients of the corresponding powers of the

parameter " in the asymptotic expansion (18) is obtained:

L1�1 [�0(�)=R ] = �� ; L1�1 [�1(�)=R ] = � + 1 + �(�)
p
��0(�)=R ;

L1�1 [�2(�)=R ] =
�(�)�1(�)=R

2
q
�0(�)=R

;

L1�1 [�p(�)=R ] =
�2(�)�p�1(�)=R�

Pp�1

m=2 L
1
�1 [�m(�)=R ]L1�1 [�p+1�m(�)=R ]

2�(�)
q
�0(�)=R

;

p = 3 ; 4 ; : : : (20)

Solutions of the recursive linear singular equations (20) may be expressed according to

Kaya [12] in the form �p(�) = Fp(�)w(�), where Fp is unknown bounded function and w(�)

is fundamental (or weight) function determined by the nature of corresponding mixed-

boundary value problem. At the present case w(�) =
p
1� � : The unknown function Fp

is approximated by a truncated series as

Fp(�) �=
sX

j=0

apj�
j ; (21)

and the coeÆcients apj are determined by a simple collocation method. Numerical results

and our previous experiences with the method [18] indicate that the convergence of the

collocation method is very good so that it is suÆcient to set s = 6 in the series (21). The

in
uence of the number of terms in the asymptotic expansion of �(�)=R in Eq. (18) is

illustrated in Fig. 5 which shows a change of the crack opening displacement along the

bridging zone as the number of terms in (18) increases for speci�ed values of composite

parameters and two values of the critical normalized crack opening displacement �C=R.

The value of the parameter " is predominantly determined by the normalized length lp=R

of the bridging zone which can change in a wide range. Note that the ratio of the yield

stress over the elastic modulus is not expected to vary signi�cantly for di�erent composite
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Fig. 5: Change of the half of the normalized half-crack opening displacement along the

bridging zone as the number of terms in (18) increases for k = 0:5 ; f = 0:25 ; n = 0 ;

� = 0:2 ; � = 2 and a) �C=R = 0:1, b) �C=R = 0:3.

systems and is set to a reasonable value of 0:001: The convergence is very good up to the

value of lp=R = 325 : It will be shown later on that these values are never reached before

the failure of particles in the bridging zone occurs.

Once the solution is obtained, the local stress intensity factor K loc

I
is determined using

the standard formula, see Kotoul a Urbi�s [18]:

K loc

I
=

E

2(1� �2)
lim
�!1�

p
��(�)q

2lp(1� �)(�+ 3)

=
KIC

8(1� �2)

E

�y

1

k
lim
�!1�

��(�)=Rq
(1� �)(� + 3)lp=R

; (22)

where KIC is the fracture toughness of the matrix and k = KIC

2�y

q
�

2R
is another composite

parameter which combines the fracture toughness of the matrix with the yield strength

and the radius of the particles. Note that its mathematical structure is of the form of

ratio of the fracture toughness of the matrix and the restraining stress intensity factor

corresponding to the bridging zone of the length 2R and the strength �y : Crack growth

in the matrix is controlled by the value of the local stress intensity factor; it has to reach

the critical value for the matrix KIC

K loc

I
= KIC : (23)

The bridged zone length lp is controlled by the crack opening displacement which has to

reach a critical value �C for the rupture of most stretched ligaments would take place

� = �C : (24)

Formally, the conditions (23) and (24) can be written as

Fi

 
KN

I

KIC

;
lp

R
; k;

�C

R
; f; n;

�y

E
; �

!
= 0; i = 1; 2; (25)

where Fi are nonlinear functions of variables K
N

I
=KIC and lp =R while � ; k ; �C=R ; n ;

f ; �y=E and � belong to the set of dimensionless parameters upon which the solution
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depends. The parameters � ; k ; �C=R, and f , are of principal importance while the

parameters �y=E and � are treated as secondary ones because, in spite of they do in
uence

the reinforcing mechanism by a�ecting the crack opening displacement, the change of the

particle shape and the bridging particle cross section, they do not vary signi�cantly for

di�erent composites and thus they are not included in the parametric study.

NUMERICAL RESULTS AND DISCUSSION

Equations (25) has been solved for unknowns KN

I
=KIC and lp=R with various combina-

tions of the parameters � ; k ; �C=R ; n ; f ; �y=E and � : The solution for KN

I
=KIC is

denoted by (KN

I
=KIC)eff : This value, which is called the normalized e�ective fracture

toughness of composite, describes the toughening e�ect of ductile particles. Basing on

Eqs. (25) a relationship among the e�ective fracture resistance and the parameters � ; k ;

�C=R ; f ; �y=E and � can be studied.

In order to display the numerical results in most comprehensible form which allows to

make comparison with some previous results reported elsewhere, the following strategy

is adopted; for a given value of the curvature � the unknowns KN

I
=KIC and lp=R are

calculated as functions of the normalized critical crack opening displacement �C=R on a

interval 0 < �C=R � �max=R ; where �max=R is the intercept of the �0 � �=R relation

with the �=R axis, see Fig. 4. These calculations are performed for several values of

the volume fraction of particles f and the composite parameter k. Thus, for each value

of �C=R (with f ; n and k held constant) a pair of values of (KN

I
=KIC)eff and lp=R is

obtained which allows to plot (KN

I
=KIC)eff against lp=R by changing �C=R: The plots are

shown in Figs 6-7. Note that with f held constant a higher value of the composite fracture

resistance is predicted with decreasing value of the parameter k ; i.e. with increasing

the size of particles in a speci�ed material system. The same trend was predicted by

Rubinstein and Wang [1]. An increase in the composite fracture resistance due to the

hardening exponent increase is also apparent. This e�ect, however, becomes weaker with

decreasing debonding of particles, i.e. with increasing value of the curvature �.

So far the critical crack opening displacement �C=R has been treated as an independent

model parameter and has changed arbitrarily within the interval (0;�max=R >. However,

one should realize that �c=R depends on the particle ductility and the stress triaxiality

as well. The latter is governed by the curvature � of the chosen parabolic pro�le and

associates with the strength of the matrix/particle interface. In order to compare an

increase in the toughness (KN

I
=KIC)eff for di�erent �, the stress triaxiality factor in

bridging particles should be included. To do this, a rupture criterion of bridging particles

has to be formulated. Assume that microvoids are nucleated on micro-inhomogeneities

in the necked region of a bridging particle and rupture occurs when the neighbouring

microvoids come into contact. Widely used in the local approach of ductile fracture is

the criterion based on the Rice and Tracey [19] equation for the growth of an initially

spherical void. On integrating this equation with the assumption that stress state remains

constant and there is no void nucleation strain, the equivalent fracture strain efr is given

by

efr =
ln[(dp)=(2r)]

0:28 exp [(3 �m)=(2 �eq)]
; (26)

where �m is the hydrostatic stress, �eq is von Mises equivalent stress and dp and r stand

for the mean spacing and the mean radius of inhomogeneities respectively. For a uniaxial
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Fig. 6: Plots of the normalized e�ective fracture toughness
�
KN

I
=KIC

�
ef

vs. the normal-

ized length of the bridged zone lp=R for � = 0:2 and several values of k ; f ; n and �.
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Fig. 7: Plots of the normalized e�ective fracture toughness
�
KN

I
=KIC

�
ef

vs. the nor-

malized length of the bridged zone lp=R for � = 0:2 and several values of k ; f ; � and

n = 0:2 :

stress state, which exists in the ligaments with � = 0, the ratio �m=�f is 1=3: The absolute

value of the fracture strain is not matter of interest because we intend only to compare

the fracture strains of bridging particles with di�erent curvature of the parabolic neck

pro�le, i.e. with di�erent stress triaxiality factor �m=�f . Thus, the knowledge of the

microstructural parameter dp=2p is not essential. We proceed as follows: the equivalent

fracture strain efr can be related to the initial particle radius and to the current radius

of bridging cross section by (4). In the case � = 0 Eq. (26) reads

2 ln

��
R

r

�
�=0

�
fr

=
ln[(dp)=(2r)]

0:28 exp (1=2)
: (27)

Eqs. (1) and (2) provide the relation r=R = f(�=R), see Fig. 3, which allows to rewrite

Eq. (27) in the form

2 ln

 
1

f(�C=R)�=0

!
=

ln[(dp)=(2r)]

0:28 exp (1=2)
: (28)

Eq. (28) gives the value of the critical crack opening displacement �C=R for � = 0:

Assume now the case � > 0: Then using Eq. (3) and �m=�f = �1=�f � 2=3 one obtains

2 ln

"�
R

r

�
�6=0

#
fr

=
ln[(dp)=(2r)]

0:28 exp
h
3

2

�
1 + 2R

�r

�
ln
�
1 + �r

2R

�
� 1

i ; (29)
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or, making use of Eq.(28)

ln

"�
R

r

�
�6=0

#
fr

= ln

 
1

f(�C=R)�=0

!
exp(1=2)

exp
h
3

2

�
1 + 2R

�r

�
ln
�
1 + �r

2R

�
� 1

i : (30)

Note, that for a chosen value of (�C=R)�=0 and the speci�ed curvature � one can solve

Eq. (30) for r=R and �nd the critical crack opening displacement (�C=R)�>0 from the

relation r=R = f(�=R), see Fig. 3. The results of these computations are given in Fig. 8

which illustrates the relation between (�C=R)�>0 and (�C=R)�=0 for several values of the

curvature � : Fig. 8 indicates that the critical crack opening displacement (�C=R)�>0 is

signi�cantly reduced for higher values of the curvature � comparing to the critical crack

opening displacement (�C=R)�=0 due to the in
uence of the stress triaxiality factor.

Fig. 8: Relation between the critical half-crack opening displacements (�C=R)�>0 and

(�C=R)�=0 for several values of the curvature � :

Fig. 9: Relation (KN

I
=KIC j��0)eff vs. (�C=R)�=0 including also the e�ect of the stress

triaxiality factor upon the critical crack opening displacement, k = 0:5 ; f = 0:25 ; n = 0 ;

� = 0:2 a) full scale diagram, b) zoomed detail of the left section of the diagram a).

Now we are in position to compare an increase in the toughness (KN

I
=KIC)eff for dif-

ferent values of the curvature � including also the e�ect of the stress triaxiality factor

upon the critical crack opening displacement. Namely, the results in Fig. 6 together with
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the previous computations of (KN

I
=KIC)eff from Eqs. (25) provide us with the relation

(KN

I
=KIC j��0)eff vs. (�C=R)�=0 as displayed in Fig. 9. (�C=R)�=0 serves as an inde-

pendent variable which characterizes the ductility of bridging particles under the uniaxial

stress state condition. Fig. 9 reveals two counteracting in
uences of the matric/particle

interface strength. The cases of weak interface, i.e. low values of the curvature � ; allow

for higher value of the critical crack opening displacement which entails an increase in the

fracture resistance of composite; however, due to the low stress triaxiality in this case,

the restraining stress �0 is rather low, see Fig. 4 and, consequently, the restraining stress

intensity factor is also low which reduces the fracture resistance of composite. On the

other side, high values of the curvature � introduce a signi�cant level of the stress triaxi-

ality in bridging particles which promotes the high restraining stress �0 and thus increases

the fracture resistance; simultaneously however, the critical crack opening displacement

rapidly drops and the energy absorbed in the particle rupture falls down thus decreasing

the fracture resistance of composite.

Fig. 10: Fracture resistance curves (KN

I
=KIC j��0)eff vs. (�C=R) ; k = 0:5 ; f = 0:25 ; n =

0 ; � = 0:2; the e�ect of the stress triaxiality upon the critical crack opening displacement

is not considered.

For comparison, Fig. 10 shows results of the computation of the fracture resistance

curves (KN

I
=KIC j��0)eff vs. (�C=R) ; where the e�ect of the stress triaxiality factor

upon the critical crack opening displacement is not considered and �C=R changes in the

interval (0;�max=R >, where as already noted, �max=R denotes the intercept of the �0�
�=R relation with the �=R axis. Summarizing, a certain optimal interfacial debonding,

which closely relates to the unconstrained particle ductility characterized by the parameter

(�C=R)�=0, is required to achieve an optimal fracture toughness of composite. At the

same time, Fig. 9 indicates that the optimal property for the interface is not necessary

the case of the curvature � = 0 as stated in Rubinstein and Wang [1] and Venkateswara

et al. [10].
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